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Polarization relations and dispersion equations are derived for media electrically anisotropic in
the comoving frame. The obtained results are discussed mainly for cold magnetized plasmas,
briefly for uniaxial dielectric crystals. Special directions of wave propagation are considered.

1. Introduction

In a previous paper [1] dispersion equations and
polarization relations were derived for media
anisotropic in the comoving frame and expressed by
quadratic and bilinear forms. These expressions are
in contrast to the conventional representations by
means of determinants and subdeterminants. While
the quadratic and bilinear forms are Lorentz
covariant, the matrix-elements for the determinants
and subdeterminants lack this important property
in general. To assure the Lorentz covariance of the
conventional method the calculation of the matrix
elements becomes very involved. This can be
avoided using the different approach of the previous
paper [1].

To illustrate this procedure it will be applied in
the present paper to media electrically anisotropic
in the comoving frame, i.e. dielectric crystals and,
especially, cold magnetized plasmas (without spatial
dispersion). An isotropic magnetic permeability
shall, however, be retained in the comoving frame
to include weakly magnetic crystals.

For media anisotropic in the comoving frame the
three- and four-dimensional material tensors can be
represented by three- and four-dimensional pro-
jectors, respectively. For media electrically aniso-
tropic in the comoving frame the same projectors
can be used to represent the tensors which built up
the quadratic and bilinear forms. Therefore the
latter can be easily evaluated for these media.

The three-dimensional calculations for media at
rest in Sect.2 recover the known dispersion
equations, i.e. Astrom’s dispersion equation for
magnetized cold plasmas and Fresnel’s wave normal
equation for uniaxial crystals. An analogous four-
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dimensional calculation yields the generalization to
moving media (Section 3). The dispersion equations
so obtained for moving gyrotropic media are then
discussed qualitatively for various special media
and special directions of wave propagation (Sec-
tions 4, 5). Finally, in the last section, the polari-
zation relations are specialized to media gyrotropic
in the comoving frame.

Throughout this paper three-dimensional vectors
and tensors are written in symbolic notation (with
I as unit tensor), four-dimensional vectors and
tensors in index notation with Greek indices running
from 0 to 3. Dashed indices are merely labels count-
ing projectors and eigenvalues. Quantities in the
comoving frame are denoted by dashs. SI units are
used and a flat space is assumed.

2. Dispersion equations for gyrotropic media at rest

In this section we shall specialize the three-
dimensional dispersion equations for generally
anisotropic media, which we derived in a previous
work [1] to gyrotropic media. To do this we first
rewrite the obtained results. In the case of a medium
at rest (moving media will be treated in the next
section) we obtained the two equivalent dispersion
equations ([1], Eq. (4.6))

n-A-n—detC=0 (2.1)
and ([1]. Eq. (4.10))
n-eA-n=0, (2.2)
with the refractive index vector n defined by
c 1
n=—k=———
© o)/ €0 po

The general definition of the tensor C is given in
[1] Equation (4.1b). The tensor A is the adjoint
of C, defined by

D-4000 Diisseldorf 1. C-A=A-C=1detC, (2.3)
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which exists even for singular tensors C with vanish-
ing determinant.

In the following we will restrict our calculations
to electrically anisotropic media, i.e. dielectric
crystals and plasmas. The magnetic properties of
the medium are represented by a scalar perme-
ability u =1/ to include weakly magnetic crystals
([2]. Section 14.1). In this case the tensor € reduces
to

C=n2l—e. (2.4)

The effective dielectric tensor € is defined by ([1],
Eqgs. (3.3b), (2.4))

In the case of a gyrotropic medium. where the
anisotropy is caused by an axial vector, the
diclectric tensor € and the conductivity tensor o
are axial tensors ([3], Appendix B). We assume,
that the anisotropy for both tensors is caused by
parallel axial vectors. Hence € and ¢ have the same
symmetry axis. Thus the effective dielectric tensor
€ and subsequently C and A have the same sym-
metry axis as € and . They are axial tensors, too.
Specializing the dispersion equations (2.1), (2.2)
to gyrotropic media requires mathematically to
invert and multiply axial tensors. A suitable tool
for this purpose is the representation of axial
tensors by a complete set of three orthogonal
projectors [4]. Then the effective dielectric tensor €
is represented in a ‘“diagonal form” by
€=¢eooP - &1 P +e1 1P (2.6)

with the (hermitian) orthogonal projectors defined
by ([4], Egs. (9))

oP:= B s

LGP:=1(1—BBLiBx) (2.

o

[V
~1

and B as the unit axial vector.
Instead of the eigenvalues &1 their lincar com-
binations

gypi==1(es1 L 1) (2.8)
as the coefficients of the (hermitian) tensors
4P+ 4P==1— BB =2Re,P—2Re_,P,

AP — P=iBx1l =2{ImP= —2iIm_4P
(2.9)
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are used in the ‘“‘eigenvalue representation™ ([5],
Eq. (1.11))

-E:SOOP—T'—‘;,‘+2R01P—+—é_Qi,lnllp. (2.10)

Since the projector 2 Re ;P = 2 Re _;P has an
obvious physical meaning in contrast to 1P, the
eigenvalue representation (2.10) is often more con-
venient than the diagonal representation (2.6).
The gyrotropic medium is completely charac-
terized by the projectors (2.7) and the three eigen-
values &g, £.1 of the effective dielectric tensor €.
These eigenvalues themselves are determined by
the eigenvalues g4°, g4’ of the dielectric tensor € and
the conductivity tensor o, respectively, in the form

)
&g = —— (ga, _+- oo Ull/) 5 a’ = O :;: 1. (211)
. ¢ w

In the case of a magnetized plasma (e=ggl,
% = 1/uo) the eigenvalues &g’ are directly determined
by the cigenvalues o4’ of the conductivity tensor
and Eqgs. (2.11) reduce to

to=1"+i0gjeow, @ =0,4+1. (2.12)

In the special case of a cold electron plasma the
eigenvalues of the conductivity tensor are given by
([6], Egs. (1.12) with (1.9), (1.7))

wpz €0 P

Ogr = a'=0,+1 (2.13)

with » as the collision frequency, wp/2:7t as the

plasma frequency and wg/27 as the cyclotron
frequency.

For a dielectric crystal (¢ =0) with principal

axes IA’”,J 1 the projectors are
o' Pi= Py Py (2.144a)

and the eigenvalues of the effective dielectric
tensor € are given by
a =0, +1

(2.141)

which for e.;=-¢; include, as a special case, an

Eq' = Ea’[E0 H0 %,

uniaxial crystal with Py as symmetry axis.

The orthogonality relations between the pro-
jectors (2.7) or (2.14a) can be used to relate the
cigenvalues &g+ to those of the tensors € (2.4) and
A (2.3). One obtains

Cy = n2 — &g a =0, -+1 (2.15a)
Cy = 11)‘((/‘«}1 (/'_1) =n2 — g, 5
B =3 @ B g =B (2.15b)
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and
Ay = Cp Cpr = (02 — gp) (n2 — éc’) )
a' b,/ =0,+1; a' +=b =+, (2.16a)
Ay =} A+ A44)=CoC+
= (n2 — &) (n — &), (2.16b)
A- =}A1—A)=—Co0-
= (n% —&p) &— (2.16¢)

The determinant of C is expressed through eigen-
values in the form:
detC=C¢C:1C_1
= (n2 = éo) (n2 e é+1)(n2 = 5_1)
= (n% — &) [n2 — &,)2 — &2 ]
= (Ao A+1 4-1)1/2
= [do(4% — 42)]12.

(2.17)

Expressing the three-dimensional tensor A by
the “eigenvalue representation”

A=A4¢0)P+ A4,2Re P+ 4_2iIm,P (2.18)

facilitates slightly the explicit calculation of the
bilinear form n - A - n. Together with the expression
(2.17) for det € the dispersion equation (2.1) is
formulated in terms of the coefficients 4g, Ay, A_
as
n2 Ag cos? 9 + n2 44 sin2 9
= [do(4% —

A2z (2.19)

with & as the angle between the wave normal
n=n/n and the axial vector B.

Instead in terms of the coefficients Ag, A,. A_
one can as well formulate the dispersion equation
(2.19) in terms of the eigenvalues of the tensor C.
With the relations (2.16) one obtains

Ci10_1n2cos2 P + CoCyn2sin2 Y

—CoCyC4=0 (2.20)

and subsequently after some manipulations with
(2.15b), (2.16)

(2 —Cp) Ay + (n2— C-1) A4]sin2 9
+ (n2 — Cp) Apcos2P = 0. (2.21)
Finally with the relation n2—C, =%, (2.15a)
Eq. (2.21) can be written as
3 [es1 Aiq + -1 A_q]sin2 P
429 Agcos2P =0 (2.22a)
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and with the expressions (2.16a) for 4, as
go[(n% — &4)2 — %] cos2 P
+ (n2 — &o)[6+(n® — &4) 4+ &2 ]sin2 9 =0. (2.22D)

The form (2.22a) could have been obtained directly
by inserting the ‘“diagonal representations” for €
(2.6) and A into the dispersion equation (2.2). For
a magnetized plasma Eq.(2.22) is Astrém’s
dispersion equation [6]. The quantities Ao, A1
are given by Egs. (2.16a), the eigenvalues of the
effective dielectric tensor € by (2.12).

For an uniaxial crystal Eq. (2.22) is Fresnel’s
wave normal equation ([2], Sect. 14.3.2, Egs. (2),
(3)). The eigenvalues of the effective dielectric
tensor € are given by (2.14b). The angle 9 is the
angle between the wave normal and the principal
axis.

Up to now the dispersion equations (Eqgs. (2.19)
to (2.22)) have been formulated in terms of the
eigenvalues & of the effective dielectric tensor €.
(The eigenvalues A, and Cg are related to & in
Eqgs. (2.15), (2.16)). Sometimes it is more con-
venient to formulate the dispersion equation in
terms of the eigenvalues of the inverse effective
dielectric tensor €1. To do this we introduce the
tensor

o1 . 1
Ri=C-el—= (e‘A)—l—zdetC
n

n2

which differs from the inverse effective dielectric
tensor €1 only by I/n2 Since the orthogonal
projectors o-P (2.7) form a complete set the tensor
R can be expressed also with a ““diagonal represen-
tation” (2.6) or an ‘“eigenvalue representation”
(2.10) with the eigenvalues and coefficients related

to &q-, Agr, O through
Co 1
Fa=
e Moldd — 4T
1 1
RO AR J R 8 (2.24)
Ea’ n?
i &t 1
Ry = 5 (R + Ry)= é{‘_ 2T
1 P
R~=2(P+1 Rl)—_~a__:€‘€
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With the relations

1

tar A = —5—— [Ao(A% — A% )]1/2

Ea’ Ag anar[ o4 )]

one can rewrite the dispersion equation (2.22) after

some manipulations in the form

(R% — R*)cos29 + Ry Rysin29 =0. (2.25a)
+

Subsequently one obtains
R% — Ri(R; — Ry)sin29 — R% cos29 = 0. (2.25b)

For media without spatial dispersion the eigen-
values of the effective dielectric tensor €, and sub-
sequently (R — Rp), R- (Eq. (2.24)) are indepen-
dent of the refractive index n. Therefore we solve
Eq. (2.25Db) for R, and obtain

€ + 1 sin2 ¢

R

B g S
+ p—

[ 2cosdR_ \?
' [1 = V1 +(‘sm@m+—ﬂo>) ]

Equation (2.26) is Forsterling’s dispersion equation
[7]. It relates the refractive index to the frequency
/27 and the angle 9.

4+ =

(2.26)

3. Covariant dispersion equations for moving gyro-
tropic media

In the following we will generalize the three-
dimensional calculations of the previous section to
four dimensions, i.e. we will derive a covariant
dispersion equation for gyrotropic media. To do this
we start with the covariant dispersion equations for
generally anisotropic media ([1], Eq. (4.14))

ny Abyn' — det C =0 (3.1)
and ([1], Eq. (4.16))
ny ety Abyn? =0, (3.2)

respectively, and specialize these equations to
gyrotropic media applying the same methods as for
the three-dimensional calculations.

The four-dimensional vector n”, occurring in
Eqgs. (3.1), (3.2) is defined by ([1], Eq. (3.9a))
4

Ty Gt wu) bt =—

P
_kyui’

n? 1=
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with the normalized four-velocity

uv = y[l?v/(:], uuy = — 1,

v2\-1/2
¥ = (1 - ’62) .

The four-dimensional tensor C?; and its adjoint
A7, defined ([1], Eq. (4.11)) analogous to their
three-dimensional counterparts (2.2), (2.4), reduce
under the same restrictions as in the comoving
frame (i.e. the restriction to media electrically
anisotropic but magnetically isotropic in the
comoving frame) to, ([1], Eqgs. (5.10), (5.11))

(3.3b)

Cvj' = ny nY (S; — (::v}, 5

Cry A7) = Ak, 0%, = 8" det C' .

(3.4a)
(3.4D)

The four-dimensional effective dielectric tensor &7,
is defined by ([1], Eq. (3.12))

X 1 )
= €0 po % (E"/1 T ckyu le) '
In analogy to the three-dimensional calculations
we look for a representation of the effective dielec-
tric tensor by means of projectors in order to
simplify the explicit calculation of the quadratic
forms in the dispersion Egs. (3.1), (3.2). In the case
of a moving gyrotropic medium the mixed space-
time components of &; vanish in the comoving
frame and the space components are given there by
a three-dimensional axial tensor. Thus &”; can be
represented with the complete set of (hermitian)
orthogonal four-dimensional projectors ([3], Eq.
(B.4))

(3.5)

11 P?; = %— (63 —b"b; + uuy -+ 1 eV b9 Uy)
= P*,;,
()P;Z: b b, , QP:{:= —u’uy (3.6)
in the “diagonal form” ([3], Eq. (B.9))
2=t P2+ e00P;+ &1 1 PP+ &22P; (3.7)
with u” as the normalized four-velocity (u”u, = — 1)

and &¥74; the four-dimensional Levi-Civity symbol.
In the comoving frame the space components of the
four-vector b? are the three-dimensional unit vector

6’, while the time component vanishes there. In
the observer’s frame the components of the vector b”
are calculated via a Lorentz-transformation. One
obtains
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v A'é vv a
e [yvc--B [I +r—1)— ]-B ] ;

by =1, buy=0. (3.8)

In addition to the diagonal form (3.7) the four-
dimensional effective dielectric tensor &”; can be
expressed by the “eigenvalue representation”

e =& oP) + &+ 2Re 1 P7)
4+ e_2:Im 1 P7) + & o, (3.9)
with

£x:= } (641 4 &1) (3.10)

as the coefficients of the (hermitian) tensors

P+ 1P =2Re 1P =03 — b by + wuy,
Py — P =2i1m 1 P?; = 1 &V, b? uy . (3.11)

The moving gyrotropic medium is completely
characterized by the four projectors , P7; (o' =
0, +1,2) and the three eigenvalues &, £.1. The
fourth eigenvalue &2, the coefficient of the projector
o P} := —wu; is arbitrary ([8], Eqgs. (2.9), (2.11),
(4.12), (4.13)). With the ‘“diagonal representation”
(3.7) the definition of the four-dimensional effective
dielectric tensor (3.5) can be written as relations
between eigenvalues:

. 1 v
€0 fo % ckyu
(3.12)

Because of the Lorentz invariance of the eigen-
values the relations (3.12) could also be obtained
formally by replacing o in relations (2.11) by
— ckyu?. This replacement is now used to generalize
the three-dimensional relations (2.12)—(2.14) to four
dimensions. In this way one obtains from Eq. (2.12)
the covariant representation of &, by the eigen-
values of the conductivity tensor for a magnetized
plasma (&7, = &9 05, » = 1/uo)

tqr =1 —1d0oxfeockyu?, o' =0,+1,2. (3.13)

For a cold electron plasma the eigenvalues of the
conductivity tensor are given by (cf. Eq. (2.13))
Og = ,a=0,+1 (3.14)
with the dashed quantities ¥, wy measured in the
comoving frame.

For a dielectric crystal (67, =0) the covariant
relation between &, and &y is obtained from

Eq. (2.14Db) in the form

éa'—_—ez'/gniuo;g, o =0,+1,2. (3.15)

Since the tensors ¢”, and C7; differ only by a
tensor proportional to the four-dimensional unit
tensor 0% (Eq. (3.4a)), the tensors C¥; and its
adjoint 4%, can also be expressed by a ‘“diagonal
representation” (according to (3.7)) and an “eigen-
value representation” (according to (3.9)), respec-
tively. These representations of (¥, and A7,
together with the corresponding representations of
¢”; allow to write the definition of C7; and A",
(Eqgs. (3.4)) as relations between eigenvalues. One
obtains. analogous to (2.15), (2.16),

Co=npn? —gy, o =0,+1,2,
C. = 1' (Ci1+Cq) =nyn? — e,
C- =3(Ci1—Ca)=—¢-,

(3.16)
and
Aq' = Cd (/'y’ (/'v)'

= (nyn? —g) (NynY — &y) (ny NV — &p7)

o, 9,0 =0,+1,2; o« £p =y +0,

Ay =3 (A4 A44)=CC:C:

= (ny n? — o) (ny ¥ — &) (nyn? — &4),
A =3(dn—A44)=—(CC_

= (nyn? — &o)(NyN? — &2) & .

(3.17)

The determinant of €7 is expressed by &y-. Cyr. Ay
in the form
det € = CpCyq C-1 Cs
= (nyn? — &) (Nyn? — £11)
(g 0¥ — 1) (g — )
= (nyn? — &o) (Nyn? — o) [(Nyn? — &,)% — &% |
= (Ao A1 Ay A2)173

= [dg Aa(A® — A%)|U3, (3.18)

Expressing the four-dimensional tensor A#,
through an “‘eigenvalue representation”, analogous
to Eq. (3.9), and inserting this representation into
the dispersion equation (3.1) we obtain together
with Eqs. (3.6), (3.11), (3.18)

Ao(nyb7)2 + Ay [nyn? — (ny b¥)?]

= [Ao A2(A% — A%)]1/3. (3.19)

This is the covariant form of the dispersion equation
(2.19). In deriving Eq.(3.19) the two terms
ny Im y PHynr and ny, 2 P 0" = (n,u)? have dropped
out, because of the skewsymmetry of Im 1 P#, (3.11)
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and the orthogonality of the four-vectors n, (3.3)
and u#.

The insertion of the ‘““diagonal representation”
(3.7) for &; and the corresponding representation
for A#, into the dispersion equation (3.2) leads to

[nyn? — (ny b7)2] - § (41 A1 + 61 A1)

- Ao ;,‘0 (ny b7)2 =0 5 (320)

where the term n, 2P, »” has dropped out again.
Equation (3.20) is the generalization of Eq. (2.22)
to four dimensions. Thus it is the covariant form ot
Astrom’s dispersion equation for magnetized plasma
and the covariant form of Fresnel’s wave normal
equation for an uniaxial crystal.

As discussed in the three-dimensional case it is
sometimes more convenient to express the disper-
sion equation in terms of the eigenvalues of the
inverse effective dielectric tensor. To do this we
define the four-dimensional tensor

1
Rry = Oy (e )4y ——
d k Ny n?

. 1

s {o—1VP, . ,(y
= (& s
( ) u Ny nY "

(3.21)
which differs from the inverse cffective dielectric
tensor (&-1)¥, only by 0/,/ayn?. Consequently it can
be expressed by a ‘“diagonal”’ and an ‘“eigenvalue
representation’’, which allows to write the definition
(3.21) as a relation between eigenvalues:

Cy 1 1

. ..
ey nyn?  Egr Ay nyn?
i s 5 o o 1 1
[doda(AT. — AZ)PB = P 7;,”/
o« =0,41,2
R.= 1(1’ R 3 & L
Ll '1)_5‘1,—:9" nyn¥
= r—l——(1.+1 —Ry)=—= ;fi‘ (3.22)
2 & — & "
Expressing &, Ay as
1 g 5
Eor Agr = 55— [doda(d% — AZ)13

Ry myn?

and inserting it into Eq. (3.20), one obtains
(R% — R2)(nyb?)2 + Ro Ry[nyn? — (nyb7)2] =0
(3.23)

[
[==]
1)

The same manipulations, which in the previous
section have led from Eq. (2.25a) to Eq. (2.26), now
lead to

£ 1 | — (115 b2)2
gy e e i R e ~(~)‘ ¥ (Ry — Rp)
£, — & nyn’ 2
[ v/ 1 2wk 72
i WL P el |,
L I/ [L — (i b7)2)(R: — Ro)

(3.24)

with 7, := n;/(ny,n?)1/2 as the normalized four-
vector ny (3.3a). In the comoving frame (n," n'?
=n'2, 1, b= cos¥) Eq.(3.24) is Forsterling’s
dispersion equation (2.26). As discussed in Sect. 2
the right-hand side of the Forsterling dispersion
equation (2.26) depends, for time dispersive media,
only on the frequency w’/27 and the angle . Thus
the refractive index n” — occurring only on the left
side of Eq. (2.26) — is expressed by the frequency
o'[27 and the angle ¥. This does not hold in the
observer’s frame. The eigenvalues of the material
tensors (cf. Eqgs. (3.12)—(3.15)) for time dispersive
media become in the observer’s frame dependent
on kyu?. Subsequently R, — Ry, R_ (3.22) depend
on k,u?, too. Thus the right-hand side of Eq. (3.24)
depends on the four-dimensional inner products
k,u? and 7;b* which are related to the three-
dimensional wave vector k via (cf. (3.3), (3.8)):

Eyu? = —)c/ (w —k-v), (3.25a)
0]
Aobyem O e (3.25D)
¥ (nyn¥)t/2
((r) —_ k & 'D) ’
with
3 2
gt glo—kop
By B = = ,'2 o (3.25¢)
f‘}'}‘; (0 — k-v)2
c2

As it is obvious from Eqs. (3.25) the right-hand side
of Eq.(3.24) becomes in the observer’s frame
dependent on |k| and n==|k| - c/o, respectively.
Contrary to the comoving frame, in the observer’s
frame Eq. (3.24) is no suitable form of the dispersion
equation, because it connccts the refractive index
n:=c |k|/o and the frequency ®/2z in a com-
plicated manner.
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Obviously one cannot express the refractive
index in the observer’s frame by the frequency and
one angle only, because two directions are distin-
guished, that of the magnetic field and that of the
velocity. Furthermore the four-dimensional inner
products k,u? and n,b? (3.25) cannot be normalized
by the absolute value of the three-dimensional wave
vector | k| and expressed through angles only. Thus
if one solves the dispersion equation for the refrac-
tive index m=c|k|/w, one cannot express the
refractive index through the frequency and two
angles. What one can do is to express the refractive
index through the frequency and two components
of the wave vector, e.g.

ky:=k-vfv, ky:=k-bJ|b|. (3.26)

To do this we rearrange Eq. (3.23) in the form

1 (my b?7)2
(R+ = ;;W) (R+ — Ro) e (3.27)
i | 1
+Ho—pm) (B—5)
0] (n'}' by)
— B =
The quantities R, Ry are defined by
. P
Rii=Ri+ o o R
Ny n¥ &, — &
1
Ry:=Ry+—F=——. (3.28)

Now the quantities R — Ry, R_, R., Ry ((3.22),
(3.28)) do not explicitly contain n,n?. They depend
on the material quantities &,-, which for time
dispersive media in the comoving frame depend
only on the frequency w/27z and the component k,
(cf. Egs. (3.13), (3.14), (3.25a)). On the other hand
nyb? (3.25b) depends on k, and k. Thus the four-
dimensional inner product n,n? (3.25¢) is the only
term in Eq. (3.27), which explicitly contains the
refractive index n=c|k|/w. Therefore we arrange
Eq. (3.27) according to powers of 1/n,nv:

1 2
(Ww) [1 — (B+ — Ro)(nyb 7)2) (3.29)
1
~ o [RZ (ny %)% + (R+ — Ry)

— Ry (Ry — Ro)(nyb7)2] + R Ry =0.

The coefficients of this quadratic equation depend
still on the wave vector k, but only via its com-

ponents ky, k. Thus solving this quadratic equation
for nyn?, the refractive index n=c|k|/w is ex-
pressed by the two components k,, k, and the fre-
quency w/27.

4. Qualitative discussion of the dispersion equation
for moving media

To discuss the covariant dispersion equation for
moving gyrotropic media, we first decompose the
four-dimensional expressions into three-dimensional
ones. Then the dispersion equation is solved for the
wavenumber |k| and subsequently discussed for
various media. Moreover we will extract from the
three-dimensional wave vector k that part, which
is perpendicular to the convection v, and solve the
dispersion equation for this part of the wave vector
(a procedure which proves to be convenient in
stratified media moving parallel to the stratifica-
tions).

First of all we transform the dispersion equation
(3.20) into a more suitable form. Inserting the
expression (3.17) for 4., Ap into Eq. (3.20) leads
after some manipulations to

&ol(nyn? — &4)2 — 2] (n; b%)2
+ (nyn? — &) [&+ (nyn? — &5) + &2]

- [nant — (nyb3)2] =0, (4.1)

the generalization of (2.22b) to moving media.
Furthermore, expressing the four-vector n, (3.3a) by
the wave vector k, and collecting the terms with
the factor kg b# yields

(ko k% 4 (kox u*)2(1 — &0)]
o {er[kp kB + (kgub)2(1 — &4)] + &2 (kg ub)2}
+ {(:90 == é+) [Fo k% 4 (ko u®)2(1 — :€+)]2

— &2 (kg u*)?} (kgbB)2 =0. (4.2)

This is the covariant dispersion equation for
gyrotropic media in terms of the four-dimensional
wave vector ky. In the case of a plasma (&q =
1 —ioy/eock,u? (3.13)) Eq. (4.2) coincides with
Eq. (22) of [3].

The four-dimensional inner products k,u?, kyk?,
kyb? are related to the three-dimensional wave
vector k, the velocity v and the unit axial vector in

the comoving frame B explicitely through

kyuvz—%}—(w——k-v), (4.3a)
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2

kyk? = k2 — — -, (4.3b)

c2

[¢

0) k-v
kbe:— (_7/02_{._ (,},_ 1)*),”, B’

2

+k-B. (4.3¢)

In deriving expression (4.3¢) we have used expres-
sion (3.8) for bv.

For a dielectric medium without dispersion
(neither spatial nor temporal) the material quanti-
ties &y (3.15) do not depend on the frequency and
the wave vector. Insertion of expressions (4.3) into
Eq. (4.2) shows, that in this case the dispersion
equation (4.2) is a polynomial of fourth degree in
the wave number |k|. Contrary to the comoving
frame, where the dispersion equation is a biquadratic
equation in | k’|, odd powers | k| and | k|3 occur in
the dispersion equation in the observer’s frame.
This is due to the occurrence of the terms k,u? and
kyb? (4.3a, c) in Eq. (4.2) (i.e. a Doppler shift and
a drag of the axial vector ﬁ’). Only in the special
case of the convection v perpendicular to both, the

axial vector B’ and the wave vector k (v - B =0=
k - v) the dispersion equation becomes biquadratic
in | k| (cf. Egs. (4.3a, c)). Thus solving the dis-
persion equation for | k| one obtains in general four
different solutions, i.e. modes.

For time dispersive media in the comoving frame
(e.g. a cold electron plasma) the material quantities
ex ((3.13), (3.14)) depend on k,u? and consequently
on k (cf. Eq.(4.3a)), too. Thus the dispersion
equation becomes a polynomial of degree higher
than four in | k|. Solving it for | k| leads to addi-
tional solutions (modes) in the observer’s frame
compared with the four modes in the comoving
frame. Only in the special case of wave propagation
perpendicular to the direction of the convection
(k-v=0) the dispersion equation reduces to a
polynomial of fourth degree, because k - v =0 yields
kyuv=—vyw/c (4.3a) and thus the material
quantities &g ((3.13), (3.14)) become independent
of the wave vector k.

Up to now we have discussed the dispersion
equation for the wave number | k|, i.e. we used the
dispersion equation in a coordinate system, where
one of the coordinate axes is fixed to the wave
vector k. Under special physical and geometrical
conditions, one or two components of the wave
vector k can be prescribed. In the following we

assume the component in the direction of the con-
vection v to be prescribed. This holds for media and
boundaries which do not vary spatially in the
direction of the convection » (Snell’s law). A special
example is a cold electron plasma with plane
stratifications. Mostly the convection v lies in the
planes of stratification. Then Snell’s law requires
that the component k, has the same value in all
stratifications. Thus %k, can be prescribed by a
boundary condition.

In this case it is convenient to decompose the
three-dimensional wave vector into

=k + kyovfv (4.4)
with
. v v
kp.——— l——v'Z—— ‘k, kaZk‘*’b', (45)

and to solve the dispersion equation for |k;|, i.e.
treating the dispersion equation in a coordinate
system, where one of the coordinate axes is fixed
to k;. The expressions (4.3) for kyu?, k, kv, k,b?
become

ky uY = — ()’/C) (w0 — kyv), (4.6a)

ky k7 = ke + ko? — (0%c?) , Feah
(0] kv A A

kybvzy(u—c—z——}-T)v'B'—i—kt-B'. (4.6¢)

For a cold electron plasma the material quantities
g4’ ((3.13), (3.14)) depend on kyu?, i.e. on w and k.
They are independent of the vector k;. The only
terms containing k; in the dispersion equation (4.2)
are k,b? and k, k7. Thus the dispersion equation
(4.2) is a polynomial of fourth degree in | k;|. In the
comoving frame the dispersion equation, known as
Booker’s quartic [9], is also a polynomial of fourth
degree for the k component normal to the planes of
stratification. Solving it for k; leads to four different
solutions (i.e. modes), as in the comoving frame. In
the special case of the convection v parallel to the

direction of the axial vector B’ the four-dimen-
sional scalar product k,b? (Eq. (4.6¢) is indepen-
dent of |k;| and subsequently the dispersion
equation (4.2) becomes biquadratic in |k;|. The
same happens in the case of the convection v per-
pendicular to the axial vector B (kyb? becomes
proportional to | k|, cf. Equation (4.6¢)). (In the
comoving system this happens also if the plane of
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incidence is perpendicular to the magnetic meridian
plane, i.e. the plane spanned by B’ and the direction
normal to the stratifications.)

A special case of gyrotropic media are uniaxial
media (e-=0), which will be investigated in the
following. The dispersion equation (4.2) becomes
factorized:

[Ro k% 4 (ex w)2(1 — &)
(&4 kg 2 4 (kg uf)2(1 — &o)] (+.7)
+ (B0 — E4) kg kP + (kg ud)2 (1 — &.)] (b b7)%} =0.

We consider uniaxial crystals. (An uniaxial cold
electron plasma, as the limiting case of a cold
electron plasma for infinite magnetic field, had
been considered in [3].) The material quantities &,
(Eq. (3.15)) do not depend on the frequency and
the wave vector. Inserting the explicit expressions
for the four-dimensional scalar product ko k*, kqu®,
k,b7 (4.3) enables to solve the dispersion equation
for the wavenumber |k|. It turns out that both
factors of Eq. (4.7) are polynomials of second
degree in | k|. Contrary to the comoving there are
two different ordinary modes (resulting from the
vanishing of the first factor in Eq. (4.7)) and two
different extraordinary modes. The splitting up
into two ordinary modes is due to the occurrence
of the four-dimensional scalar product kyu*
(Doppler Shift). For wave propagation perpendic-
ular to the convection (k,=0) the two modes differ
only by their signs. The splitting up into two
extraordinary modes is due to the occurence of &, u®
and k. b7 (Doppler shift and drag of the principal
axis ﬁ'). The two extraordinary modes degenerate
into one (i.e. they differ only by their signs) in the
special case of k- v = 0 = B v

In the even more special case of a medium
isotropic in the comoving frame (gg=¢., &¢-=0)
the dispersion equation (4.2) becomes

[ko k% - (kg u®)2(1 — ;0) 2_.(.

This is equal to the factor for the ordinary modes
in the dispersive equation (4.7) for uniaxial media.

(4.8)

5. Dispersion equation for special direetions of wave
propagation
The covariant dispersion equation (+.1) consists
of a sum of two terms. For special values of the four-
vector ny, viz.

ny = — kpfkou? —u; ~ by (5.1)

and

nabt = — kybAlkyu? =0 (5.2)

one of the two terms in Eq. (4.1) vanishes identical-
ly. The vanishing of the other term then leads to
the dispersion equation. Thus the conditions (5.1)
and (5.2), respectively, yield the dispersion equations

gol(nyn? — &4)2 — &%)

= &y(nyn? — &41)(nyn? — &1) =0 (5.3)
for n; ~b;,
and
(nyn? — &o)[e+ (myn? — &) — 2] =0
for n;bA=0. (54)

To discuss the conditions (5.1). (5.2) we formulate
them in terms of the three-dimensional wave
vector k. Because both four-vectors n#, b are per-
pendicular to the four-velocity u;, cf. (3.3a), (3.8),
only three of the four Egs.(5.1) are linearly
independent. Thus we omit one equation, e.g. the
equation for the time component 1= 0. This leads,
after multiplication with the projector | — (vv/v2),
to a condition for k in the form

w v v
I s —m :—.:(,‘(I— )-b,
Cc C Cc C

\

(5.5)

with C' as an arbitrary proportionality constant.
The three-dimensional vector b is the space part
of b% (3.8).

In order to obtain a condition for the three-
dimensional wave vector k from Eq.(5.2) one
decomposes Eq. (5.2) into space parts A=10 and
time part 2=0. This yields together with the
relation b0 = (v/c) - b, which follows from w, b* =0,

(5.6)

In the comoving frame (v=0, b= ﬁ') Eqgs. (5.5),
(5.6) are the conditions for wave propagation along
and across the symmetry axis B'. Tn the observer’s
frame Egs. (5.5). (5.6) impose conditions on the

@ v

dragged k vector k — , instead of k only.

¢ ¢
Contrary to the comoving frame neither the two
vectors k, detined by Eq. (5.5) and (5.6), respectively,
are perpendicular to cach other, nor the correspond-
o v
ing dragged vectors k — . This is due to an
additional dragg of the symmetry axis B'. The two
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vectors k, defined by Eq. (5.5) and (5.6), respec-
tively, are perpendicular to each other only in the
case of v-b=0, k-v =0, where the latter
relation holds for the wave vector k defined by
Equation (5.6). Nevertheless, in the following we
will speak — in the observer’s frame, too — of
propagation along and across the principal axis
according to the behaviour in the comoving frame.
In the following we will consider a moving cold
electron plasma and discuss qualitatively the
dispersion equations for wave propagation along
and across the principal axis (i.e. magnetic field).
To do this we first rewrite the results for the cold
electron plasma at rest. In the comoving frame
(nyn? =n'2) the dispersion equation (5.3) for wave
propagation along the principal axis becomes
n’ ~B.

£ (n'2 —e41)(n'2 — &) =0 for (5.7)

The eigenvalues gy, €41 are given by Egs. (2.12),
(2.13) in the comoving frame. Without collisional
damping (»' =0) the vanishing of g yields the
plasma oscillations w’'= + wp. The vanishing of
the other factors in Eq. (5.7) leads to the factorized
dispersion equation for the two electromagnetic
waves with opposit senses of polarizations, i.e. the
square of the refractive index equals the eigen-
values £i;. Thus waves propagating along the
principal axis are principle waves (cf. [1], Section 6).
On the other hand the dispersion equation (5.4)
becomes in the comoving frame factorized as

(n'2 — &o) [+ (n'2 — &) — E2] =0

for n' | B'. (5.8)

Waves propagating perpendicular to the principle
axis are often also called principle waves [10],
although they do not propagate parallel to an eigen-
vector, but perpendicular to one. Furthermore only
the vanishing of the first factor in Eq. (5.8) leads to
an equality of »'2 and an eigenvalue.

Next we will formulate the dispersion equations
(56.3), (5.4) in terms of the three-dimensional wave
vector k. Inserting the expression (3.3a) for =,
into Eq. (5.3) leads to

eo[ky k7 + (kyu?)2(1 — &41)]
(kg kP + (kgub)2(1 —&-1)] =0
for m3~b;.

(5.9)

The four-dimensional scalar products kyk?, k¥u?
are related to the three-dimensional wave vector k
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through
kyu? = —%’—(w—k-v) ;
w?2
by by = | k|2 — . (5.10)

Contrary to the comoving frame the dispersion
equation for the electromagnetic waves (second and
third factor in Eq. (5.9)) is not given by the
equality of the square of the refractive index
n:=c|k|/w with the eigenvalues £.;. The reason
is the drag of the three-dimensional wave vector k,
which leads to an odd power | k| in Equation (5.9).
Nevertheless at a first glance one could assume that
the second and third factor in Eq. (5.9) are poly-
nomials of second degree in | k| (analogous to the
comoving frame). But this holds only for non-
dispersive (constant) eigenvalues (e.g. for moving
dielectric crystals). In the case of a moving cold
electron plasma the Doppler shift of the frequency
causes the eigenvalues &, ((3.13), (3.14)) in the
observer’s frame to be dependent on | k|. Thus the
second and third factor of Eq. (5.9) become poly-
nomials of higher degree in | k| compared with the
comoving frame. Solving Eq. (5.9) for the wave
number |k| leads to additional solutions, i.e.
modes. Furthermore, because of the Doppler shift
of the frequency, the expression for the plasma
oscillations (vanishing of &g ((3.13), (3.14)) becomes
in the observer’s frame (cf. [3], Eq. (27))

(0 — k- 2)/(1 — (0%[c2)1/2 = + wp.

With the definition (3.3) for =, the dispersion
equation for wave propagation across the principal
axis (5.4) becomes

(ky k7 + (ky u?)2(1 — )]
{es[kg kP + (kpub)2(1 — 8,)]2 —&2} =0
for nyb2=0.

(5.11)

The same conditions hold as in the case of propaga-
tion along the principal axis. Again for a moving
cold electron plasma the two factors of Eq. (5.11)
are polynomials of higher degree in | k| compared
with the comoving frame. This leads to additional
solutions (modes).

As discussed in Sect. 4 the component k, of the
wave vector k in the direction of the convection v
can be prescribed for special physical and geomet-
rical conditions. In this case it is convenient to
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decompose the wave vector, according to (4.4), into
a vector k; perpendicular to the direction of the
convection v, and the component k,. Thus for a
prescribed k,, the conditions (5.5), (5.6) impose
conditions on k; instead of k. One obtains

ktzé(l—%-:—)~(l—%;i)-b (5.12)

in the case of propagation along the principal axis,

and
W ky
ki- b= e v-b
c v

(5.13)
in the case of propagation across the principal axis.
Because we have fixed one component of k (i.e. k)
the proportionality factor ¢ in Eq. (5.12) is no
longer arbitrary. It becomes

a w v v

Analogous to the comoving frame, where one
could solve the dispersion equations (5.7), (5.8) for
k'2, one can now solve the dispersion equations (5.9),
(5.11) for k2. Contrary to k'2, k;2 is not simply
equal to eigenvalues &4+, but is a function of w, ky
and of the eigenvalues &g .

(5.14)

6. Polarization relations in gyrotropic media

In a previous paper [1] we derived polarization
relations for anisotropic media using bilinear forms.
These three-dimensional and four-dimensional polar-
ization relations will now be specialized to gyro-
tropic media. The three-dimensional calculations
will be given at the beginning. The generalization
to four dimensions (moving media) is straight-
forward.

In the case of an anisotropic medium at rest we
obtained the three-dimensional polarization rela-
tions ([1], Eq. (7.3))

1
E1:Eg:E’L:gl-A~n:gg-A'n:;detC. (6.1)

with E; ~ g; and Ez ~ g2 as transverse components
perpendicular to n and Ep~n as longitudinal
component of the electirc vector E.

For magnetically isotropic media (which we are
considering) the polarization relations can also be
expressed through bilinear forms of € - A instead of
bilinear forms of A in Eq. (6.1). For these media
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the tensor €/n? is a transverse projector | — nn/n2
(cf. [1], Eq. (3.3a)). Multiplication of the polariza-
tion relation ([1], Eq. (4.4)) E=A - n(n - E/det C)
with €/n? yields

-~

€ E— (1 nn E € 4 n-E
n2 T n2 ndetC'(

6.2)
Subsequent multiplication with the transverse
vectors g1, g2 leads to the polarization relations

El . Eg . EL

=gire-A-n:g-e-A-n:ndetC, (6.3)
equivalent to (6.1) for magnetically isotropic media-
For gyrotropic media the three-dimensional tensors
€, A, C are axial tensors and are explicitly given by
Egs. (2.5), (2.3), (2.4). In analogy to the calculation
of the dispersion equations (Sect.2) we represent
the axial tensors €, A by projectors in order to
simplify the explicit calculation of the bilinear
forms in Egs. (6.1), (6.3). Thus expressing € and A
with the ‘“‘eigenvalue representations” (2.10), (2.18)
yields

gA'-A-n:-(Ao—A+)gA'-I§I§-n
+id_gy-Bxn, A'=12, (64a)
and
ga € A-n
=[80do—} (1 411+ é14-1)]ga BB n
+in2A_gy-Bxn, A'=1,2. (64b)

In deriving Eq. (6.4b) we have used the relation
-.12({:7+1 A+1 — é_l A_l) =nZ2A_ (216)

Next we choose a special coordinate system. The
two transverse vectors gi, go form together with
the wave normal n:= n/n an orthogonal set. To
fix this coordinate system completely we choose
the direction of one of the transverse vectors

parallel to Bxni.e.

g2~Bxn, (6.5a)

which leads to the following relations with @& as

angle between n and B:

~ A

B-n=mncos?®, B-gy=—sind,

g2 Bxn=mnsind. (6.5b)

Imposing the condition (6.5a) on g2 yields together
with the Eqgs. (6.4), (6.5) the following form of the
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transverse polarization

El ‘.AO_AJ_

7 i—— g cos ? (6.6)
ceodo— (e A +e14)
=1 ——————cos ¥ .
n2A_

Using the dispersion equation (2.22a) one can
express & Ao as

:SoA() = — %(:84.1 A+1 —I— ;—,‘_1 A_l) sin2 19/0052 ¢
and eliminate it in the polarization relation (6.6).

Thus one obtains together with Egs. (2.16), (2.24)
([5], Eq. (6.24))

By }Endan+eada)

Es in2A_ cos 9

:5'+1 ;3—1 — n2 :9+ ) R+

(6.7)

" cosd R
Replacing R, by Forsterling’s dispersion equation
(2.26) allows to express the transverse polarization
by a single quantity
2 cos ¢ R_
T sin2d R, — Ry
as ([5], Eq. (6.27))

E, i —

A ER R
For media without spatial dispersion (e.g. a cold
plasma) { does not depend on the wave number | k|.
It depends only on the frequency w/2z and the
angle 9.

The generalization to four-dimensions is straight-
forward. For media anisotropic in the comoving
frame we obtained with ¢4.:= [0:g,-] ([1], Eq. (7.4)),
the polarization relations ([1], Eq. (7.12))

i 2 &_ cos ¥

(6.8)

(6.9)

c
E1:Eg:EL:g‘l‘AM"n,,:gé‘Au"nv:—a;|k| (6.10)

(ko u%)2 det O — ky k* ub(gh g4 + g?, gs) A7 ny

wv
7"'("—7)

The four-dimensional bilinear forms occurring in
Eq. (6.10) can most conveniently be calculated by
representing the four-dimensional tensor through
an ‘“‘eigenvalue representation’ according to Equa-
tion (3.9). Thus one obtains

Iar Ay my = (Ao — A+) g bu b’ my

L 1 A_ Exyyo uY bdgz' nr. (611)

Analogous to the three-dimensional calculations
we are now choosing a special coordinate system.
The generalization of the three-dimensional con-
dition (6.5a) to four dimensions is

ghb,=0. (6.12)

Imposing this condition (6.12) on the four-vector g}
leads to the following expressions for the bilinear
forms (6.11)
gr Ay ny = (Ao — A1) gl bub¥ ny
+ 1 A_ euppou? boginy,

g Ay my =1 A_ eypysu? bogin? .

(6.13)

The four-dimensional Levi-Civita tensors, occurring
in expressions (6.13) for the bilinear forms, make the
polarization relations (6.10) for moving media very
involved. It is not possible to perform the same
procedure as for the three-dimensional calculations.
But nevertheless one can use the four-dimensional
polarization relations for some simple special cases.

The simplest case is that of a vacuum (e-=0,
£11 =&+ =¢9=1). In this case the eigenvalues and
coefficients of the tensor A,” (3.17) become:
Ao=A:= (nyn? —1)2(nyn? — &2), A_=0. The dis-
persion equation kyk*=0=mn,n? —1 (4.8) requires
Ayg= A+=0. Thus the bilinear forms (6.13) become
zero, too. The transverse polarization E;/Ez (6.9)
can take arbitrary values. Because det C (3.18) goes
to zero as (nyn?—1)3, 4g=A, and subsequently
the bilinear forms as (n,n¥ —1)2 the longitudinal
component vanishes.

In a medium isotropic in the comoving frame
(-=0, &4 = &9 = £41) the coefficients of the tensor
A,? become: Ag=A;=(nyn?—&)2(nyn? — &),
A_=0. Again the dispersion equation n,n? — gy =0
(4.8) requires A9 = 4+ = 0. Consequently the bilinear
forms (6.13) are zero, too. The transverse polariza-
tion E1/Es can take arbitrary values. Although
det C goes to zero as (nyn? — g)3 the longitudinal
component becomes unequal to zero. It is pro-
portional to v1 E1 4 v2 Es in the form

Cc
;]kl k“ua(lel -t UzEg)

w v
=yk (B———)EL.

In an uniaxial medium (¢-=0, which leads to
A_=0 (3.17)), one has to distinguish between the
ordinary and the extraordinary mode. The dis-
persion relation for the ordinary mode leads to the

(6.14)
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same conditions as in the medium isotropic in the
comoving frame. For the extraordinary mode the
dispersion equation does not lead to a simplification
of the polarization relations. One has to calculate
them explicitly by the relations (6.10).

7. Concluding remarks

In this paper dispersion equations and polariza-
tion relations for media electrically gyrotropic and
magnetically isotropic (in the comoving frame) have
been calculated. By a suitable change of the
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